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We study double charge-exchange phonon states in neutron-rich nuclei, in particular the double
isobaric analog states and the double Gamow-Teller excitations, induced by the double isospin
operator
∑A
i,j=1 t−(i)t−(j) and spin-isospin operator
∑A
i,j=1 σ(i)t−(i)σ(j)t−(j), respectively. We
employ quartic commutator relations to evaluate the average energies EDIAS− 2EIAS and EDGTR−
EDIAS − 2(EGTR − EIAS), and conventional double commutator relations to evaluate the average
energies of EGTR−EIAS and EIAS. We have found that the corrections due to quartic commutators
follow the approximate laws: EDIAS−2EIAS ≈ 32A−1/3 MeV and EDGTR−EDIAS−2(EGTR−EIAS) ≈
16A−1 MeV. While the former is dominated by direct Coulomb effects, since Coulomb exchange
cancels out to some extent with isospin symmetry breaking contributions originated form the nuclear
strong force, the latter is sensitive to the difference in strength between the spin and spin-isospin
chanels of the strong interaction.
PACS numbers: 24.30.Cz, 11.55.Hx, 21.10.Sf
I. INTRODUCTION
The possibility to induce double charge-exchange
(DCX) excitations by means of heavy-ion beams at inter-
mediate energies [1, 2] has recently fostered the interest
on new collective excitations such as double isobaric ana-
log states (DIAS) and double Gamow-Teller giant reso-
nances (DGTR). In the 1980s, DCX reactions were per-
formed by using pion beams, i.e., (pi+, pi−) and (pi−, pi+)
reactions have been studied. Through these experimen-
tal investigations, the DIAS, the dipole giant resonance
built on the isobaric analog state (IAS) and the double
dipole resonance states were identified [3–6]. However,
the DGTRs were not found in the pion double charge-
exchange spectra. In the middle of the 1990s, heavy-ion
DCX experiments were performed at energies of 76 and
100 MeV/u, with the hope that the DGTR might be
observed in the 24Mg(18O, 18Ne)24Ne reaction [7]. How-
ever, no clear evidence of DGTR was found in this re-
action. This is mainly because the (18O, 18Ne) reaction
is a (2n, 2p) type reaction, and even the single GTR in
the t+ channel induced by the (n, p) reaction is weak
in N = Z nuclei such as 24Mg. A research program
based on a new reaction, namely (12C, 12Be(0+2 )) has
been planned at the RIKEN RIBF facility with high in-
tensity heavy-ion beams at the optimal energy of Elab
= 250 MeV/nucleon to excite the spin-isospin response
[8]. A big advantage of this reaction is based on the fact
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that it is a (2p, 2n) type DCX reaction and one can use a
neutron-rich target to excite DGTR strength. Although
many theoretical efforts have been devoted to studies
of double β-decays, DGTR strengths corresponding to
the double β-decays are still too small to be identified
in these experiments. Recently, shell-model calculations
were performed to study the DGTR of 48Ti [9], and also
Ti-isotopes [10]. At the same time, other DGTR strength
distributions have been studied by using the sum rule
approach [11–14], in order to establish a possible unit
cross section of DGTR in comparison with the DIAS.
Minimally-biased theoretical predictions based on sum
rules will provide a robust and global view of the DGTR,
and can be a good guideline for the future experimental
studies.
In this paper, we present some formulas to evaluate
different combinations of the average excitation energies
of the DIAS and DGTR, by using commutator relations
for the double isospin
∑A
i,j=1 t−(i)t−(j) and spin-isospin
operator
∑A
i,j=1 σ(i)t−(i)σ(j)t−(j). Here t = τ/2, and
σ and τ denote the Pauli matrices in spin and isospin
space, respectively. Specifically, we present formulas to
estimate EDIAS − 2EIAS from the most relevant Isospin
Symmetry Breaking (ISB) terms in the nuclear Hamilto-
nian and EDGTR−EDIAS−2(EGTR−EIAS) from a simple
albeit realistic Hamiltonian including separable residual
interactions.
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2II. DOUBLE ISOBARIC ANALOG STATE
A. Average Energy
The expectation value for the energy of the DIAS is
defined as
EDIAS ≡ 〈DIAS|H|DIAS〉 − 〈0|H|0〉 , (1)
where |0〉 represents the ground state and
|DIAS〉 ≡ T−|IAS〉〈IAS|T+T−|IAS〉 (2)
is the definition of the DIAS state in terms of the IAS
that, in turn, can be written as
|IAS〉 ≡ T−|0〉〈0|T+T−|0〉 . (3)
T+ =
∑A
i t+(i) and T− =
∑A
i t−(i) are the isospin rais-
ing and lowering operators, respectively, that follow the
usual SU(2) algebra;
[T+, T−] = 2Tz, [Tz, T±] = ±T±, (4)
where Tz =
∑A
i tz(i) and tz has eigenvalues −1/2 for
protons and 1/2 for neutrons. This formulation is general
since no assumption is needed for H.
Starting from Eq. (1) and the definitions of the DIAS
and IAS previously given, one may write the excitation
energy of the DIAS as
EDIAS =
〈0|[T 2+, [H, T 2−]]|0〉
〈0|T 2+T 2−|0〉
, (5)
assuming that the ground state has good isospin, namely
that there is no isospin mixing and T+|0〉 = 0. One can
elaborate on the previous equation, and write for the
denominator,
〈0|T 2+T 2−|0〉 = 〈0|4Tz(2Tz − 1)|0〉
= 2(N − Z)(N − Z − 1), (6)
whereas the numerator can be expressed as
〈0|[T 2+, [H, T 2−]]|0〉 =
= 〈0|4(2Tz − 1)[T+, [H, T−]]|0〉
+ 〈0|[T+, [T+, [[H, T−], T−]]]|0〉. (7)
Remembering that the EIAS is, within the same approx-
imation (i.e. no isospin mixing in the ground state),
EIAS = 〈IAS|H|IAS〉 − 〈0|H|0〉 = 〈0|[T+, [H, T−]]|0〉〈0|T+T−|0〉 ,
(8)
one can eventually write
EDIAS = 2EIAS +
〈0|[T+, [T+, [[H, T−], T−]]]|0〉
2(N − Z)(N − Z − 1) . (9)
The second term at the right hand side could be dif-
ferent from zero only for ISB terms in H, in a similar
manner as they only contribute to EIAS [cf. Eq. (8)].
In other words, the IAS and DIAS energies are a spe-
cial filter for the terms in the Hamiltonian that break
isospin symmetry (Coulomb and the small contributions
from the strong force), while the isospin-conserving part
of H does not contribute and we do not need to specify
its form.
The simplest ISB two-body potentials in the nuclear
Hamiltonian are proportional to tz(1) + tz(2) [Charge
Symmetry Breaking (CSB) force] and to tz(1)tz(2)
[Charge Independence Breaking (CIB) force]. In the CSB
case, the quartic commutator in the numerator of the sec-
ond term at the right hand side of Eq. (9) will give
〈0|[t+(a), [t+(b), [[tz(1) + tz(2), t−(c)], t−(d)]]]|0〉
= 〈0|[t+(a), [t+(b), [−t−(1)− t−(2), t−(d)]]]|0〉 = 0.
(10)
In other terms, no contribution survives from CSB forces.
The CIB terms of the specific type tz(1)tz(2) will lead
after some algebra to
〈0|[t+(a), [t+(b), [[tz(1)tz(2), t−(c)], t−(d)]]]|0〉
= 4〈0| {4tz(1)tz(2)− [t+(1)t−(2) + t−(1)t+(2)]} |0〉
= 8〈0| [3tz(1)tz(2)− t(1) · t(2)] |0〉 . (11)
Hence, CIB interactions will contribute to the quartic
commutator in Eq. (9). In addition to that, we note
that other types of CIB interactions are given by the op-
erators Tij ≡ t(i) · t(j)− 3tz(i)tz(j), which is a tensor in
isospin space, and also by sisjTij , where si =
1
2σi, and by
SijTij , where Sij is the tensor operator analogous to Tij
but in spin-space. These three operator dependences are
implemented in realistic nucleon-nucleon potentials (cf.
Ref. [15]). However, any of the CIB terms with Tij , if
implemented in connection with a zero-range interaction
treated at the Hartree-Fock level, will give no contribu-
tion to the equation of state (EoS) of symmetric nuclear
matter. This would be a drawback since finite-range ISB
interactions as those of Ref. [15] are known to contribute
to the EoS of symmetric nuclear matter [16]. On the
other hand, the CIB interaction with tz(1)tz(2) depen-
dence gives a finite contribution to the nuclear matter
EoS even in the zero-range case [17]. This is the reason
why we adopt a CIB zero-range interaction of the form
shown below [cf. Eq. (22)], which effectively takes into
account those effects into the EoS.
B. The Coulomb contribution
It is well known that the largest ISB term in the nuclear
Hamiltionian is due to the Coulomb interaction,
VC(~r1, ~r2) =
e2
|~r1 − ~r2| [
1
2
− tz(1)][1
2
− tz(2)] . (12)
31. Direct term
The only non-zero contribution of the Coulomb direct
term to the quartic commutator in Eq. (9) has the same
structure as Eq. (11). Thus, assuming an independent
particle model, we can evaluate the Coulomb direct con-
tribution ∆ECd to EDIAS−2EIAS from Eq. (9) as follows
∆ECd = EDIAS − 2EIAS
=
s
d~r1d~r2
e2[ρn(~r1)−ρp(~r1)]
|~r1−~r2| [ρn(~r2)− ρp(~r2)]
(N − Z)(N − Z − 1) .
(13)
Based on the latter result, one can build a very simple
and qualitative model to evaluate the right hand side of
Eq. (13). The model is as follows. We assume that the
neutron and proton distributions can be well approxi-
mated by a sharp sphere of radius Rn and Rp, respec-
tively. The integrals in the coordinate of particle 1 are
ˆ
d~r1
e2ρn(~r1)
|~r1 − ~r| =
{
Ne2
2Rn
(
3− r2R2n
)
, for r < Rn
Ne2
r , for r > Rn
(14)
and
ˆ
d~r1
e2ρp(~r1)
|~r1 − ~r| =
{
Ze2
2Rp
(
3− r2R2p
)
, for r < Rp
Ze2
r . for r > Rp
(15)
Therefore, defining Rn ≡ Rp + ∆Rnp one can easily find
∆ECd ≈
√
3
5
6
5
e2
〈r2p〉1/2
N − Z
N − Z − 1
(
1− N
N − Z
∆rnp
〈r2p〉1/2
)
,
(16)
where
√
5/3∆Rnp = ∆rnp ≡ 〈r2n〉1/2 − 〈r2p〉1/2, and
〈r2p〉1/2 =
√
3
5Rp within our model. In Fig. 1 and Ta-
ble I some results for the energy difference EDIAS−2EIAS
are given as examples. Specifically, these have been ex-
tracted from Eqs. (13) and (16) in the case of some double
magic, neutron-rich nuclei. The Skyrme functional SAMi
[18] has been employed to calculate densities and corre-
sponding radii. In Table I we also show experimental
IAS energies and compare them to energies calculated by
means of Eq. (8) within an independent particle picture,
and by taking into account only the main contribution,
the Coulomb direct term.
In an even simpler manner, within the Liquid Drop
Model, EIAS can be estimated as the Coulomb energy
difference between the mother (m with Zm = Z) and
daughter (d with Zd = Z + 1) nucleus,
EIAS =
3
5
e2
Rdp
Zd(Zd − 1)− 3
5
e2
Rmp
Zm(Zm − 1) = 6
5
e2Z
Rp
,
(17)
if we assume that Rch ≈ Rp and that Rdp ≈ Rmp ≡ Rp.
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FIG. 1. Contribution of the Coulomb direct term to EDIAS−
2EIAS as calculated from Eqs. (13), (16) and (19). The SAMi
interaction is employed [18].
By using the same model and approximations
EDIAS =
3
5
e2
Rdp
(Z+2)(Z+1)−3
5
e2
Rmp
Z(Z−1) = 6
5
e2(2Z + 1)
Rp
;
(18)
therefore, a more crude estimate for the DIAS correction
energy reads
∆ECd ≈ 6
5
e2
Rp
=
6
5
e2
r0
A−1/3 ≈ 3
2
A−1/3 MeV. (19)
By inspecting Eqs. (16) and (19), one can see that
Eq. (16) essentially corrects Eq. (19) by means of the
factor within parenthesis that depends on the neutron
skin thickness, ∆rnp, and that gives the correct trend
predicted by Eq. (13) as compared to the smooth pre-
diction given in Eq. (19). The three calculations shown
in Fig. 1 coincide very well for 90Zr, that is the nucleus
shown in the figure with the smallest isospin asymmetry.
Other contributions to EDIAS− 2EIAS exist. From our
recent study [17] and previous experience [19] on the IAS,
other relevant terms are the Coulomb exchange and gen-
uine ISB terms from the nuclear strong force that, specifi-
cally, could only come from CIB type forces as previously
discussed [cf. Eqs. (10) and (11)].
2. Exchange term
In what follows, we estimate the Coulomb exchange
term. The energy contribution of this term ∆ECex to
the quartic commutator in Eq. (9) within an independent
particle model reads
4TABLE I. Experimental and calculated IAS energies and calculated DIAS correction energies. Eq. (8) is used to calculate the
IAS energy by taking into account only the direct Coulomb term. The correction energy EDIAS − 2EIAS, or more precisely the
part due to the Coulomb direct term ∆ECd, is calculated with the help of Eqs. (13), (16) and (19). The SAMi [18] functional is
employed. The experimental value of the DIAS energy measured from the ground state of 48Ca is taken from Ref. [3]. Values
are given in MeV.
Nucleus EIAS ∆ECd EDIAS(exp.)
Exp. Coul. dir. Eq. (13) Eq. (16) Eq. (19) 2EIAS(Exp)+∆ECd(Eq. (13))
48Ca 7.182(8) 7.20 0.385 0.366 0.413 14.749 (14.67)
78Ni 8.87 0.311 0.299 0.351
90Zr 11.901(12) 12.23 0.327 0.322 0.335 24.129
132Sn 13.60 0.268 0.261 0.295
176Sn 12.25 0.232 0.222 0.268
208Pb 18.826(10) 19.45 0.235 0.231 0.253 37.887
∆ECex = −4
∑
ij
s
d~r1d~r2
e2tz(i)tz(j)
|~r1−~r2|
[
φ∗i (~r1)φj(~r1)φ
∗
j (~r2)φi(~r2)
]
(N − Z)(N − Z − 1)
+
∑
ij
s
d~r1d~r2
e2[t+(i)t−(j)+t−(i)t+(j)]
|~r1−~r2|
[
φ∗i (~r1)φj(~r1)φ
∗
j (~r2)φi(~r2)
]
(N − Z)(N − Z − 1) , (20)
where proton and neutron single-particle wave functions
contribute. Within the Local Density Approximation
(LDA), the contribution to the quartic commutator in
Eq. (9) due to the Coulomb exchange estimated in Eq.
(20) can be written as
∆ELDACex = −
3
2
(
3
pi
)1/3
e2
(N − Z)(N − Z − 1)
ˆ
d~r
{
(ρn(~r)− ρp(~r))
(
ρn(~r)
1/3 − ρp(~r)1/3
)
−1
2
(
ρn(~r)
2/3 − ρp(~r)2/3
)2
ln
(
ρn(~r)
1/3 − ρp(~r)1/3
ρn(~r)1/3 + ρp(~r)1/3
)}
. (21)
where none of the terms can be neglected. The con-
tribution of the correction in Eqs. (20) or (21) to
EDIAS − 2EIAS [Eq. (9)] is negligible when compared
to the Coulomb direct one in Eq.(13). Some numerical
results from Eqs. (20) and (21) based on the SAMi func-
tional are shown in Table II and Fig. 2.
C. ISB from the nuclear strong interaction
As previously discussed, only CIB terms will con-
tribute to the quartic commutator in Eq. (9). To evalu-
ate their effects, we adopt the recently proposed interac-
tion SAMi-ISB [17], that has the form
VCIB(~r1, ~r2) =
1
2
τz(1)τz(2)u0(1 + z0Pσ)δ(~r1−~r2) , (22)
with the parameter z0 fixed to −1 and u0 = 25.8 ± 0.4
MeV fm3, fitted to reproduce ISB effects in symmet-
ric nuclear matter as calculated using the Brueckner-
Hartree-Fock approach [16] and the realistic nucleon-
nucleon interaction AV18 [15]. In Eq. (22) we have intro-
TABLE II. Exact (20) and LDA (21) correction to Eq. (9)
due to the Coulomb exchange, as predicted by SAMi [18];
CIB correction to Eq. (9), from Eq. (23) and from the simple
model of Eq. (24), as predicted by SAMi with u0 and z0 values
from SAMi-ISB [17]. All results are for the same nuclei shown
in Table I. Units are MeV.
Nucleus ∆ECex ∆ECIB
exact LDA HF Toy
Eq.(20) Eq.(21) Eq.(23) Eq.(24)
48Ca -0.056 -0.033 0.097 0.084
78Ni -0.020 -0.017 0.058 0.053
90Zr -0.038 -0.020 0.065 0.068
132Sn -0.012 -0.010 0.038 0.039
176Sn -0.007 -0.006 0.025 0.022
208Pb -0.008 -0.007 0.026 0.028
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FIG. 2. Contribution of the Coulomb direct and exchange
terms to EDIAS − 2EIAS, in different neutron-rich nuclei, as
predicted by SAMi [18]; CIB contribution to EDIAS − 2EIAS
from Eq. (23) as predicted by the CIB term of SAMi-ISB
[17].
duced the spin-exchange operator Pσ. The energy con-
tribution ∆ECIB to the quartic commutator in Eq. (9),
from the interaction in Eq. (22), within the independent
particle model reads
∆ECIB =
u0(1− z0)
(N − Z)(N − Z − 1)
ˆ
d~r (ρn − ρp)2 . (23)
This result contains both direct plus exchange contribu-
tions. Within the simple model previously introduced to
estimate the Coulomb direct term, the latter expression
can be estimated as,
∆ECIB ≈ u0(1− z0)
N − Z − 1ρ0
(
N − Z
A
− 3N
A
∆rnp
〈r2p〉1/2
)
, (24)
where ρ0 is defined as ρ0 ≡ 3A/(4piR3) and R =√
5/3〈r2〉1/2. Numerical results based on the SAMi func-
tional are shown in Table II and displayed in Fig. 2. It
is interesting to note that CIB and Coulomb exchange
contributions display the same trends (in absolute value)
and cancel to some extent giving a constant contribution
to EDIAS − 2EIAS of about 30keV.
From Fig. 2, it is clear that the total contribution
to EDIAS − 2EIAS from the ISB terms discussed here –
Coulomb plus CIB– is at the level of hundreds of keV with
a dependence ≈ A−1/3 [cf. Fig. 1, Fig. 2 and Eq. (19)].
III. DOUBLE GAMOW-TELLER RESONANCE
The non-energy weighted sum rule (NEWSR) for the
single Gamow-Teller (GT) transitions is well known and
proportional to the neutron excess,
S− − S+ =
∑
f
|〈f |OGT− |0〉|2 −
∑
f
|〈f |OGT+ |0〉|2
= 〈0|[OGT+ , OGT− ]|0〉 = N − Z, (25)
where the GT transition operators reads
OGT± =
A∑
i
σz(i)t±(i). (26)
Notice that there is no factor 3 in front of N − Z in
Eq. (25) since we do not sum up the three components
of the spin operator σα(i) (α = x, y, z) in the definition
of Eq. (26). All the results from the commutators that
follow will not change their structure if we sum up these
three components, in spherical nuclei, and will simply be
multiplied by a factor 3. To simplify the notation, we will
drop in what follows the GT label in OGT± . GT operators
satisfy the property O†± = O∓, and the commutation
relations [O+, O−] = 2Tz and [Tz, O±] = ±O±, similar
to the isospin operators defined in the previous section.
The reason is that the spin matrix σz commutes with the
isospin operators.
The GT NEWSR is model independent and gives
a good guidance when performing the single charge-
exchange reactions such as the (p, n) and (3He, t) re-
actions with the goal to pin down the GTR strength in
nuclei (see, for example, the review article of Ref. [20]).
We define the mean energy of the DGTR with respect
to the ground state energy, in analogy to the DIAS case,
as
EDGTR ≡ 〈DGTR|H|DGTR〉 − 〈0|H|0〉 , (27)
where the DGTR state is defined as
|DGTR〉 ≡ O−|GT〉〈GT|O+O−|GT〉 (28)
and the single GT state as
|GT〉 ≡ O−|0〉〈0|O+O−|0〉 . (29)
Assuming the parent state |0〉 has good isospin, that is
T+|0〉 = 0, one can write the average excitation energy
(27) in a convenient commutator form,
EDGTR =
〈0|[O2+, [H, O2−]]|0〉
〈0|O2+O2−|0〉
. (30)
The numerator of Eq. (30) can be expressed as,
〈0|[O2+, [H, O2−]]|0〉 = 〈0|[O+, [O+, [[H,O−], O−]]]|0〉
+ 〈0|4(2Tz − 1)[O+, [H,O−]]|0〉 , (31)
or equivalently,
〈0|[O2+, [H, O2−]]|0〉 = 〈0|[O+, [[O+, [H,O−]], O−]]|0〉
+ 〈0|2(4Tz − 1)[O+, [H,O−]]|0〉 . (32)
6Note that the result in Eq. (31) has the same structure
as that in Eq. (7), while the result in Eq. (32) differs
from it. We introduce Eq. (32) for convenience, as it will
be clear below (Appendix B).
The denominator of Eq. (30), assuming a parent state
with good isospin (T+|0〉 = 0), is given by
〈0|O2+O2−|0〉 = 〈0|4Tz (2Tz − 1) |0〉
= 2(N − Z)(N − Z − 1). (33)
Hence, we can write the energy of the DGTR by using
Eqs. (31) and (33) as
EDGTR = 2EGT +
〈0|[O+, [O+, [[H,O−], O−]]]|0〉
2(N − Z)(N − Z − 1) , (34)
or, equivalently, by using Eqs. (32) and (33) as
EDGTR =
1
2
(
N − Z
N − Z − 1 + 1
)
EGTR
+
〈0|[O+, [[O+, [H,O−]], O−]]|0〉
2(N − Z)(N − Z − 1) . (35)
In order to evaluate the different quartic and double
commutators, we assume the following general form for
the Hamiltonian,
H = H0 + V + VC + VISB , (36)
where V is the spin- and isospin-dependent interaction,
VC is the Coulomb interaction and VISB is an ISB effective
interaction originated from the nuclear strong force, as
the one we have used above from Ref.[17]. H0 is the spin
and isospin independent part of the Hamiltonian. From
Eqs. (30) and (36), we can derive the relation between
the DGTR and the DIAS,
EDGTR − EDIAS =
〈0|[O2+, [V,O2−]]|0〉
2(N − Z)(N − Z − 1) , (37)
since
[O2+, [VC + VISB, O
2
−]] = [T
2
+, [VC + VISB,T
2
−]] . (38)
Introducing the DIAS energy is convenient here, as it
allows one to isolate the effect of the spin- and isospin-
dependent interaction V in the quantity EDGTR−EDIAS,
exactly in the same way as in the difference of its single
charge-exchange counterpart EGT − EIAS. Using Eqs.
(31) and (34), one can rewrite Eq. (37) as
EDGTR − EDIAS − 2(EGT − EIAS) =
=
〈0|[O+, [O+, [[V,O−], O−]]]|0〉
2(N − Z)(N − Z − 1) , (39)
since
[O+, [O+, [[VC + VISB, O−], O−]]] =
[Tˆ+, [Tˆ+, [[VC + VISB, Tˆ−], Tˆ−]]] (40)
or, equivalently, using Eqs. (32), (34) and (37),
EDGTR − EDIAS =
(
1 +
N − Z
N − Z − 1
)
(EGTR − EIAS)
+
〈0|[O+, [[O+, [V,O−]], O−]]|0〉
2(N − Z)(N − Z − 1) . (41)
A collective state could be represented as a coherent
particle-hole superposition induced by a one body, oscil-
lating and self-sustaining, average field, proportional to
σ · τ operators in the GT case. This is equivalent to
expressing the two-body interaction in a separable form
[21, 22]. In our case, in order to evaluate the energy
difference between EDGTR and EDIAS, we adopt the fol-
lowing separable interaction [21, 23, 24]
V =
A∑
i
κlsl(i) · s(i) + 1
2
κτ
A
A∑
i 6=j
τ (i) · τ (j)
+
1
2
κσ
A
A∑
i 6=j
σ(i) · σ(j) + 1
2
κστ
A
A∑
i6=j
(σ(i) · σ(j))(τ (i) · τ (j)) ,
(42)
where κls is the one-body spin-orbit coupling strength
while κτ , κσ and κστ are the coupling strengths of the
residual two-body interactions in the isospin, spin and
spin-isospin channels, respectively.
The average energy of the GTR minus that of the IAS
is expressed as (cf. Appendix A)
EGT − EIAS = 〈0|[O+, [V,O−]]|0〉
(N − Z)
= −4
3
κls
N − Z 〈0|
A∑
i
l(i) · s(i)|0〉
+ 2(κστ − κτ )N − Z
A
. (43)
In a similar way, the energy difference between DGTR
and DIAS (37) is expressed as (cf. Appendix B)
EDGTR − EDIAS −
(
1 +
N − Z
N − Z − 1
)
(EGT − EIAS) =
=
4
3
κls〈0|
∑A
i l(i) · s(i)|0〉
(N − Z)(N − Z − 1)
− 6(κστ − κτ ) 1
A
N − Z
N − Z − 1 . (44)
This, after some algebra, can be rewritten as
EDGTR − EDIAS − 2(EGT − EIAS) =
= −4κστ − κτ
A
N − Z
N − Z − 1 . (45)
In turn, the latter expression can be also written as fol-
lows within our model,
EDGTR − EDIAS − 2N − Z − 2
N − Z − 1(EGT − EIAS) =
= −8
3
κls〈0|
∑A
i l(i) · s(i)|0〉
(N − Z)(N − Z − 1) , (46)
7TABLE III. Single and double GTR excitation energies referred to the single and double IAS, respectively, for some neutron-
rich closed-shell nuclei. l is the angular momentum of the active orbit for the GT excitations and ∆εls is its spin-orbit energy
splitting. In the next column we provide the spin-orbit contribution ∆Els to (EGT − EIAS) in Eq. (43). (EGT − EIAS)
from Eq. (43) and EDGTR − EDIAS from Eqs. (45-46) are given in the next columns. In the last column, an estimate of
EDGTR − EDIAS − 2(EGT − EIAS) based on Eq. (45) is also provided. The parameters of the interaction (42) used here are
Vls = 34 MeV and κστ − κτ = −4 MeV.
Nucl. l ∆εls ∆Els EGT − EIAS EDGTR − EDIAS EDGTR − EDIAS
Exp. Calc. Eq.(43) Exp. Eq.(43) Eq.(45) Eq.(46) −2(EGT − EIAS)
[MeV] [MeV] [MeV] [MeV] [MeV] [MeV] [MeV] [MeV]
48Ca 3 ∼ 9 9.0 5.1 3.3 3.8 8.0 8.0 0.38
90Zr 4 7.54 7.6 4.5 3.9 3.6 7.4 7.4 0.20
132Sn 4 – 5.9 1.09 – 0.79 1.7 1.7 0.13
5 – 7.2 1.64
208Pb 5 5.60 5.3 0.88 0.4 0.42 0.92 0.92 0.08
6 5.86 6.3 1.23
and the advantage of this expression is that it does not
explicitly depend on the isospin κτ and spin-isospin κστ
couplings. Hence, if the experimental value of EGT −
EIAS is known, one may easily estimate EDGTR −EDIAS
based on Eq. (46) and on a reasonable single-particle
level scheme close to the Fermi surface.
In order to theoretically estimate, with our simple yet
physical model, the value of EDGTR−EDIAS, we proceed
as follows. For the spin-orbit coupling, which is surface-
dominated, we adopt a formula with an A2/3 dependence
[21],
κls = −Vls/A2/3 , (47)
where the coupling Vls has been adjusted to reproduce
the experimental estimates of the spin-orbit splittings
∆εls of some active orbits for the GT excitations for the
nuclei given in Table III. The optimal value found for the
spin-orbit strength parameter is Vls = 34 MeV, and the
corresponding results can be also seen in the same table.
In order to fix κστ − κτ we adopt a similar strat-
egy. Assuming Vls = 34 MeV, we find the optimal value
for κστ − κτ that reproduce the experimental value of
EGT − EIAS in 48Ca [25], 90Zr [26, 27], 112−124Sn [28]
and 208Pb [29] via Eq. (43) (see appendix C for some
details). The value found is κστ −κτ = −4 MeV in good
agreement with previous literature [22, 30]. In Table III,
we show the contribution of the spin-orbit term ∆Els to
EGT − EIAS in Eq. (43), as well as some results for the
single and double GTR when referred to the single and
double IAS, respectively, for some doubly-magic nuclei.
Specifically, in the 6th and 7th column we provide the
experimental EGT − EIAS as well as the estimate from
Eq. (43) obtained by using the optimal Vls = 34 MeV
and κστ − κτ = −4 MeV values. Next to it, in the 8th
and 9th columns we show the corresponding predictions
for EDGTR − EDIAS from Eqs. (45-46). In the last col-
umn an estimate of EDGTR − EDIAS − 2(EGT − EIAS)
based on Eq. (45) is also given. The estimated values are
of hundreds of keV and account for a few % correction
of the EDGTR − EDIAS. Hence, according to our model,
this implies that if EDGTR−EDIAS and EGT−EIAS can
be determined to a better accuracy than a few %, DCX
measurments of EDGTR − EDIAS will constitute a new
way to probe spin and spin-isospin properties in nuclei.
IV. SUMMARY
Double GT and IAS average excitation energies have
been determined for the first time using double and quar-
tic commutator relations. In order to provide semi-
quantitative theoretical estimates, we have adopted two
approximations. In the first place, an independent par-
ticle picture have been assumed. We have also provided
expressions in which, by simplifying further, the neutron
and proton distributions have been taken as hard spheres.
This simplification has turned out to be very much use-
ful in order to capture the main terms dominating the
calculated quantities.
As a conclusion, within our approach double reso-
nance energies in neutron-rich nuclei are dominated by
the same physics of their single counterparts since the
main contribution to them is 2EIAS and 2EGTR, re-
spectively. Hence, the effect of two-body Coulomb in-
teraction has a decisive effect on the average energy
EDIAS, while the spin-orbit and residual isospin and spin-
isospin interactions play a big role for the average en-
ergy EDGTR − EDIAS. More specifically, we have found
that the corrections due to quartic commutators follow
the approximate laws: EDIAS − 2EIAS ≈ 32A−1/3 MeV
and EDGTR − EDIAS − 2(EGTR − EIAS) ≈ 16A−1 MeV.
While the former is dominated by Coulomb direct effects
since Coulomb exchange cancel out to some extent with
isospin symmetry breaking contributions originated form
the nuclear strong force, the latter is very sensitive to the
difference in strength between the spin and spin-isospin
chanels of the strong interaction. Finally, we note that
EDGTR − EDIAS − 2(EGTR − EIAS) account for a few %
correction (. 10 %) to the EDGTR−EDIAS, implying that
if EDGTR−EDIAS and EGT−EIAS can be determined to
a better accuracy than a few %, double charge-exchange
measurements of EDGTR − EDIAS will constitute a new
8promising tool to probe spin and spin-isospin properties
in nuclei.
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Appendix A: EGTR − EIAS: commutator evaluation
In what follows, we rewrite the interaction (42) in a
fully equivalent yet convenient way for the evaluation of
the commutators
V =
A∑
i
κlsl(i) · s(i)
+
1
2
κτ
A

A∑
i,j
τ (i) · τ (j)−
A∑
i
τ (i) · τ (i)

+
1
2
κσ
A

A∑
i,j
σ(i) · σ(j)−
A∑
i
σ(i) · σ(i)

+
1
2
κστ
A

A∑
i,j
(σ(i) · σ(j))(τ (i) · τ (j))
−
A∑
i
(σ(i) · σ(i))(τ (i) · τ (i))
}
.
(A1)
Note that due to the properties of the Pauli matrices,∑A
i τ (i) · τ (i) =
∑A
i 31ˆ = 3A1ˆ,
∑A
i σ(i) · σ(i) =∑A
i 31ˆ = 3A1ˆ and
∑A
i (σ(i) · σ(i))(τ (i) · τ (i)) =∑A
i 91ˆ = 9A1ˆ and, therefore, these terms will not con-
tributo to the double or quartic commutators we evaluate
in what follows.
Firstly we derive the double commutator with the GT
operator. We find,
[
O+,
[
A∑
i
l(i) · s(i), O−
]]
= −2
A∑
i
(l(i) · s(i)− lz(i)sz(i)) , (A2)O+,
 A∑
i,j
σ(i) · σ(j), O−
 = −4 A∑
i,j
(σ(i) · σ(j)− σ(i)zσz(j))
+2
A∑
i,j
(σ(i) · σ(j)− σz(i)σz(j))(τ (i) · τ (j)− τz(i)τz(j)) , (A3)O+,
 A∑
i,j
τ (i) · τ (j), O−
 = −2 A∑
i,j
(1− σz(i)σz(j))(τ (i) · τ (j) + τz(i)τz(j)) , (A4)O+,
 A∑
i,j
(σ(i) · σ(j))(τ (i) · τ (j)), O−
 = 4 A∑
i,j
(σ(i) · σ(j)− σz(i)σz(j))(1 + τz(i)τz(j))
+2
A∑
i,j
(1− σ(i) · σ(j))(τ (i) · τ (j) + τz(i)τz(j)) . (A5)
For even-even nuclei, there is no contribution from the
spin-spin interaction to the previous commutators.
The average energy is expressed as
EGT − EIAS = 〈0|[O+, [V,O−]]|0〉
(N − Z)
= −4
3
κls
N − Z 〈0|
A∑
i
l(i) · s(i)|0〉
+ 2(κστ − κτ )N − Z
A
(A6)
9since 〈0|σ · σ|0〉 = 0 for the spin saturated nuclei. The
expectation value of 〈0|lzsz|0〉 = 〈0|(l(i) · s(i))|0〉/3 in
the spherical nuclei. We stress that in our model it is
implicit that all radial matrix elements are equal and that
only the calculation of the direct terms is required for
consistency with the assumtion of a separable interaction.
Appendix B: EDGTR −EDIAS: commutator evaluation
Let us now evaluate quartic commutator in Eq. (41)
since previous results on the double commutators can be
directly used here and not if the quartic commutator in
Eq. (39) is evaluated. After some straightforward alge-
bra, we obtain
〈0|
[
O+,
[[
O+,
[
A∑
i
l(i) · s(i), O−
]]
, O−
]]
|0〉 = 4
A∑
i
(l(i) · s(i)− lz(i)sz(i)) , (B1)
〈0|
O+,
O+,
 A∑
i,j
τ (i) · τ (j), O−
 , O−
 |0〉 = 12 A∑
i,j
(1− σz(i)σz(j))(τ (i) · τ (j) + τz(i)τz(j)) , (B2)
〈0|
O+,
O+,
 A∑
i,j
σ(i) · σ(j), O−
 , O−
 |0〉 = 8 A∑
i,j
(σ(i) · σ(j)− σz(i)σz(j))(3− τz(i)τz(j))
−12
A∑
i,j
(σ(i) · σ(j)− σz(i)σz(j))(τ (i) · τ (j)− 3τz(i)τz(j)) ,
(B3)
〈0|
O+,
O+,
 A∑
i,j
σ(i) · σ(j)τ (i) · τ (j), O−
 , O−
 |0〉 = −24 A∑
i,j
(σ(i) · σ(j)− σz(i)σz(j))(1 + τz(i)τz(j))
+8
A∑
i,j
(σ(i) · σ(j)− σz(i)σz(j))(τ (i) · τ (j)− τz(i)τz(j))
−4
A∑
i,j
(1− σ(i)σ(j))(τ (i) · τ (j) + τz(i)τz(j))
−8
A∑
i,j
(1− σz(i)σz(j))(τ (i) · τ (j) + τz(i)τz(j)) . (B4)
The energy difference between DGTR and DIAS (37) is now expressed by using the relation in Eq. (41) as
EDGTR − EDIAS −
(
1 +
N − Z
N − Z − 1
)
(EGT − EIAS) = 4
3
κls〈0|
∑A
i l(i) · s(i)|0〉
(N − Z)(N − Z − 1) − 6(κστ − κτ )
1
A
N − Z
N − Z − 1 (B5)
Appendix C: Determination of κστ − κτ
The difference κστ − κτ is estimated from the exper-
imental EGTR − EIAS values in 48Ca [25], 90Zr [26, 27],
112−124Sn [28] and 208Pb [29] as follows. Assuming
Vls = 34 MeV, we find the optimal value for κστ − κτ
that reproduce via Eq.(43) the experimental results to
be −4 MeV. We show the results in Table IV.
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